She&Small proved the P6lya-Schoenberg conjecture that the class of convex analytic functions is closed under convolution or Hadamard product.
, and Rado [4] . Recent interest in harmonic complex functions has been triggered by geometric function theorists Clunie and Sheil-Small [5] . We let H denote the family of continuous complex-valued functions which are harmonic in the open unit disk A = {.z : 1.~1 < 1) and let A be the subclass of H consisting of functions which are analytic in A. Clunie and Sheil-Small in [5] For the harmonic function f = h + 8, we call h the analytic.part and g the coanalytic part of f. Note that the family SH reduces to the class S of normalized analytic univalent functions in A if the coanalytic part of f is identically zero.
We let KH, S&, and CH denote the subclasses of SH consisting of harmonic functions which are, respectively, convex, starlike, and close-to-convex in A. A function is said to be convex, starlike, or close-to-convex in A if (e.g., see [5, 6] ) it maps each ]z] = r < 1 onto a convex, starlike, or close-to-convex domain, respectively.
Finally, we define the convolution of two complex-valued harmonic functions fl(z) = z + f1(z)* f&z) = (fi * fi)(Z) = z+ ~olna2,zn + 51n62,Zn. n=2 ?I=1
The above convolution formula reduces to the famous Hadamard product if the coanalytic parts of fl and f2 are zero. In 1973, Ruscheweyh and Sheil-Small [6] proved the following. The first part of the above lemma is the famous Polya-Schoenberg conjecture (e.g., see [7] ).
Clunie and Sheil-Small [5, Theorem 5.141 proved that if 4 is convex analytic in A and f E KH then (4 + ~4) * f E CH for ]E] < 1. We can show that the required convexity condition for 4 cannot be replaced by starlikeness. For example, set f +) = j-+) + s(z) = ' ;l(;';;2z2 + -(1'2) '; (1 -22) and consider the starlike analytic function (b(z) = t + .zn/n in A. Then, for e = 0, we obtain the convolution function (c?(t) + (o).m) * (h(z) + g(4) = (4 * h)(z) = z + $ znl which is not even univalent in A.
It is the purpose of this paper to investigate various functions and their convolutions which lead to close-to-convex, starlike, and convex harmonic univalent functions.
MAIN RESULTS
The first theorem extends Lemma l.l.ii to the close-to-convex harmonic case. We shall need the following lemma, which is due to Clunie and Sheil-Small [5] . PROOF. Letting g'(z) = w(z)h'(z), the proof follows from Lemma 2.2.i.
LEMMA 2.2. Let h E A and g E A. i. If ]g'(O)] < [h'(O)1 and h + eg is close-to-convex analytic in
Next we obtain a modification of Lemma 1.l.i for close-to-convex harmonic case. PROOF. Letting h(z) = z/(1 -z) and g(z) = s," b(t) dt in Theorem 2.4, the proof follows from Lemma 2.2.ii.
In the next two theorems we give necessary and sufficient convolution conditions for convex and starlike harmonic functions. h(z) * z + (CC -1)/a z2 _ go * cz -(CC -11/a z2 f 0
PROOF. A necessary and sufficient condition for the function f .to be starlike (see [6] ) is that & (arg j(reie)) > 0. Therefore, for h and g of form (l.l.l), we must have (2.6.1)
Since (z/z'(z) -zg'(z))/(h(z) + g(z)) = 1 at z = 0, the required condition (2.6.1) is equivalent to
By a simple algebraic manipulation, inequality (2.6.2) yields
which is the condition required by Theorem 2.6.
The above theorem yields a sufficient coefficient bound for harmonic starlike functions. Therefore, for h and g of form (l.l.l), we must have
-zg'(z)) = 1 t a z = 0, the above required condition is equivalent to Consequently, we obtain a sufficient coefficient bound for harmonic convex functions. COROLLARY 2.9. Let f =h+gESH.
IfC,"=, n21anl + C,"=, n21bnl I 1, then f E KH. The proof is similar to that given for Corollary 2.7 and we omit it. REMARK 2.10. For the coanalytic part of f = h + g being identically zero, i.e., g E 0, Theorems 2.6 and 2.8 yield the results presented by Silverman, Silvia and Telage [8] for the analytic case.
